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pr-SELMER COMPANION MODULAR FORMS.
SOMNATH JHA, DIPRAMIT MAJUMDAR, SUDHANSHU SHEKHAR
Abstract. The study of n-Selmer group of elliptic curve over number field in
recent past has led to the discovery of some deep results in the arithmetic of
elliptic curves. Given two elliptic curves E1 and E2 over a number field K, Mazur-
Rubin[M-R] have defined them to be n-Selmer companion if for every quadratic
twist χ of K, the n-Selmer groups of Eχ1 and E
χ
2 over K are isomorphic. Given a
prime p, they have given sufficient conditions for two elliptic curves to be pr-Selmer
companion in terms of mod-pr congruences between the curves. We discuss an
analogue of this for Bloch-Kato pr-Selmer group of modular forms. We compare
the Bloch-Kato Selmer groups of a modular form respectively with the Greenberg
Selmer group when the modular form is p-ordinary and with the signed Selmer
group of Lei-Loeffler-Zerbes when the modular form is non-ordinary at p. We also
indicate the corresponding results over Qcyc and its relation with the well known
congruence results of the special values of the corresponding L-functions due to
Vatsal.
Introduction
The study of n-Selmer group of elliptic curves over number field has been of
considerable interest in recent past. For example, for certain n, some striking results
on the bounds on the average rank of n-Selmer group of elliptic curves over Q has
been established by Bhargava et. al. On the other hand, some deep results related
to the rank distribution of n-Selmer group for certain n, of a family consisting of all
quadratic twist of an elliptic curve, has been studied by Mazur-Rubin and others
(cf. [M-R]). In [M-R], instead of the rank distribution of the n-Selmer group over
the family, they formulate the inverse question: given a prime p and a number field
K, what all information about E is encoded in the p-Selmer group of an elliptic
curve E over K? Motivated by this question, they define the following:
Definition 0.1. [M-R, Definition 1.2] Let K be a number field and n ∈ N be fixed.
Two elliptic curves E1, E2 are said to be n-Selmer companion, if for every quadratic
character χ of K, there is an isomorphism of n-Selmer groups of Eχ1 and E
χ
2 over
K i.e. Sn(E
χ
1 /K)
∼= Sn(E
χ
2 /K).
That naturally led them to study pr-Selmer companion elliptic curves for a (fixed)
prime p with r ∈ N. They gave sufficient conditions for two elliptic curves to be
pr-Selmer companion in terms of various conditions related to mod pr-congruences
between the curves (see main theorem [M-R, Theorem 3.1]). They point out in [M-R,
§1] that it would be interesting to investigate this phenomenon more generally for
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pr Bloch-Kato Selmer group of motives instead of elliptic curves and that has led us
to study this.
In this article, we fix a prime p and study Bloch-Kato pr-Selmer groups associated
to modular forms and discuss pr Selmer companion modular forms (see Definition
1.4). To avoid various technical difficulties which naturally arises in our case of
Selmer group of modular forms, throughout the paper we make the restrictive hy-
pothesis that the prime p is odd. Also, we state all our results for Selmer groups
defined over Q (see §1.3). However, it can be seen from our proofs that our results
can be extended to a general number field K at the cost of notation and hypothesis
becoming more cumbersome but essentially same in nature.
A sample of our results is given in the following corollary which is a special case
of our main theorem (Theorem 3.10) for weight k = 2 and nebentypus ǫ = 1.
For f1, f2 ∈ Sk(Γ0(N)), let Kf1,f2 be the number field generated by the Fourier
coefficients of f1, f2 and π be a uniformizer of the ring of integers of the completion
of Kf1,f2 at a prime above p.
Corollary 0.2. We fix an odd prime p and N ∈ N with (N, p) = 1. Let i ∈ {1, 2}
and fi be a normalized cuspidal Hecke eigenform in S2(Γ0(N)). Let r ∈ N and
φ : Af1 [π
r] −→ Af2 [π
r] be a GQ linear isomorphism. We assume that
• N is square-free and ∀ℓ ∈ {ℓ prime : ℓ || N}, condℓ(ρ¯f1) = ℓ = condℓ(ρ¯f2).
Then for every quadratic character χ of GQ, we have an isomorphism of the π
r-
Bloch-Kato Selmer groups of f1 ⊗ χ and f2 ⊗ χ over Q i.e.
SBK(Af1χ[π
r]/Q) ∼= SBK(Af2χ[π
r]/Q).
Remark 0.3. Note that both the cases; (i) when fi is p-ordinary and (ii) fi is
‘supersingular’ i.e. non-ordinary at p are covered in Corollary 0.2 (and also in
Theorem 3.10).
Our main theorem (Theorem 3.10) includes the cases k > 2, nebentypus is non-
trivial. Moreover in the case when fi is p-ordinary, we also include the case when
fi is ‘bad’ at p i.e. the level of fi = Np
ti with ti ≥ 0 in our main theorem.
The basic strategy of the proof is to compare each local factor which arise in the
definition of Selmer group. Specially, comparing the local factors of Selmer group at
the prime p requires most careful analysis. Note that in our case of studying Bloch-
Kato Selmer group of modular forms, we do not have the advantage of considering
the Kummer map on abelian variety. Also, we do not have an obvious analogue of
using fppf cohomology on Ne´ron model of elliptic curve, used by Mazur-Rubin for
treating the case of local factors of Selmer group at the prime p. Thus we adopt
a different strategy. Let f1 and f2 be two weight k normalized cuspforms which
are congruent mod πr. If f1 and f2 are p-ordinary, then we compare π
r-Bloch-
Kato Selmer local condition at p with the πr-Greenberg Selmer local condition at
p. On the other hand, if f1 and f2 are non-ordinary at p, then we compare π
r-
Bloch-Kato Selmer local condition at p with the πr-signed Selmer local condition at
p ([L-H]). The theory of signed Selmer group for non-ordinary modular forms are
developed using works of Lei-Loeffler-Zerbes ([L-L-Z], [L-L-Z2]) and can be viewed
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as generalization of ± Selmer groups of supersingular elliptic curves developed by
S. Kobayashi.
Indeed, our method for local factors at primes ℓ with ℓ 6= p is also different; we
impose some condition on the conductor of the residual mod ℓ-Galois representation
and use some Iwasawa theoretic techniques. We have shown in §5, this condition
can be verified in many cases; for example using level lowering results Ribet, Serre
et. al.
In Definition 3.14 we take the liberty to extend the definition of Selmer companion
for two cuspforms of different weights. Using this definition in Corollary 3.15, we
give sufficient conditions for two forms of two different weights (different p-power
level and different nebentypus) to be πr-Selmer companion. We gives such example
of extended πr-Selmer companion forms within an ordinary Hida family in Example
5.1(4).
We also discuss πr Selmer companion forms over Qcyc, when the congruent mod-
ular forms are good, ordinary at p. The proof over Q easily adapts to this case.
However, there is a well known congruence result of Vatsal [Va] which shows if
f1 ≡ f2 (mod π
r) are of weight k ≥ 2, level N and are good, ordinary at p, then for
any Dirichlet character χ of conductor prime to N , the p-adic L-functions of f1⊗ χ
and f2⊗χ are congruent mod π
r in the Iwasawa algebra. Thus via the Iwasawa Main
Conjecture our result is a precise algebraic counterpart of Vatsal’s result. However,
in case of quadratic characters, our congruence result on Selmer groups works for
all possible quadratic characters.
The structure of the article is as follows. After fixing the notation and basic
set-up in §1.1, we recall the Galois representation attached to a newform in §1.2
and §1.3 contains the definitions of Greenberg, Bloch-Kato, signed 1 and signed
2 πr-Selmer group of a twisted nomalized cuspidal eigenform. Congruence results
on Greenberg Selmer groups are discussed in §2. In §3, we study πr Bloch-Kato
Selmer companion forms and establish our main result (Theorem 3.10). We discuss
πr Selmer companion forms over Qcyc in §4, and point out its relation with the well
known congruences of the corresponding p-adic L-functions. We compute several
numerical examples verifying our results (at weight 2 as well as at higher weights)
in §5. In particular, in §5 we have given explicit numerical example of πr-Bloch-Kato
Selmer companion modular forms which are (i) p-ordinary and (ii) those which are
non-ordinary at p as well.
1. Preliminaries
1.1. Notation and set up: Throughout we fix an embedding ι∞ of a fixed algebraic
closure Q¯ of Q into C and also an embedding ιℓ of Q¯ into a fixed algebraic closure
Q¯ℓ of the field Qℓ of the ℓ-adic numbers, for every prime ℓ. Fix an odd prime p
and a positive integer N with (N, p) = 1. Let i ∈ {1, 2} and fi ∈ Sk(Γ0(Np
ti), ǫi)
where ti ∈ N ∪ {0}, be a normalized cuspidal Hecke eigenform which is a newform
of conductor Npti and nebentypus ǫi. We assume that ǫi is a primitive Dirichlet
character of conductor Ci. Then Ci | Np
ti . We can write ǫi =
∏
ℓ ǫi,ℓ where ǫi,ℓ
is a primitive Dirichlet character of conductor = ℓn(i,ℓ) with n(i, ℓ) ∈ N, for every
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prime divisor ℓ of Ci. In particular, we can write ǫi = ǫi,pǫ
′
i, where ǫ
′
i is a Dirichlet
character of conductor, say C ′i with (C
′
i, p) = 1 and C
′
i | N . The order of a Dirichlet
character τ := the order of the subgroup of the roots of unity in C∗ generated by
the image of τ . We define a condition (C′i,ℓ) to be used later:
(C′i,ℓ) : For every prime ℓ | C
′
i, the order of ǫ
2
i,ℓ 6= p
n for any n ∈ N. (1)
Remark 1.1. For example, if the order of ǫ′i is co-prime to p, then (C
′
i,ℓ) is satisfied.
Let K = Kf1,f2,ǫ1,ǫ2 be the number field generated by the Fourier coefficients of
f1, f2 and the values of ǫ1, ǫ2. Let πK be a uniformizer of the ring of integers OK of
completion of K at a prime p lying above p induced by the embedding ιp. To ease
the notation, we often write O = OK and π = πK . Put
S = Sf1,f2 := {ℓ prime : ℓ || N}.
Note that, by definition p 6∈ S. For any separable field K, GK will denote the
Galois group Gal(K¯/K). For any OK module M , M [π
r] will denote the set of
πr torsion points of M . For a group G acting on a module M , we denote by
MG = {m ∈ M |gm = m ∀g ∈ G}. Also for a number field or a p-adic field field F ,
and a discrete Gal(F¯ /F ) module M , H i(F,M) will denote the Galois cohomology
group H i(Gal(F¯ /F ),M).
1.2. Galois representation of a modular form. Let p be a fixed odd prime and
A ∈ N with (A, p) = 1. Let h =
∑
an(h)q
n ∈ Sk(Γ0(Ap
t), ψ) be a normalized
eigenform of weight k ≥ 2 and nebentypus ψ. Then h is p-ordinary if ιp(ap(h)) is
a p-adic unit. Let Kh be the number field generated by the Fourier coefficients of
h and the values of ψ. Let L be a number field containing Kh and Lp denote the
completion of this number field at a prime p lying above p induced by the embedding
ιp. Let OL denote the ring of integers of Lp and πL be a uniformizer of OL. We
denote by ωp : GQ −→ Z
×
p the p-adic cyclotomic character.
Theorem 1.2. [Eichler, Shimura, Deligne, Mazur-Wiles, Wiles etc.] Let h =∑
an(h)q
n ∈ Sk(Γ0(Ap
t), ψ) be a newform of weight k ≥ 2 where (A, p) = 1. Then
there exists a Galois representation,
ρh : GQ −→ GL2(Lp) such that (2)
(1) at all primes ℓ ∤ Ap, ρh is unramified with the characteristic polynomial of
the (arithmetic) Frobenius is given by
trace(ρh(Frobℓ)) = aℓ(h), det(ρh(Frobℓ)) = ψ(ℓ)ωp(Frobℓ)
k−1 = ψ(ℓ)ℓk−1.
It follows (by the Chebotarev Density Theorem) that det(ρh) = ψω
k−1
p .
(2) Let Gp denote the decomposition subgroup of GQ at p. In addition, let us
assume h is p-ordinary and denote by αp(h) (respectively βp(h)) the p-adic
unit (respectively non p-adic unit) root of the polynomial X2 − ap(h)X +
ψ(p)pk−1. Let λh be the unramified character with λh(Frobp) = αp(h). Then
by Mazur-Wiles, Wiles
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ρh|Gp ∼
(
λ−1h ψω
k−1
p ∗
0 λh
)
,
Let Vh ∼= L
⊕2
p denotes the representation space of ρh. By compactness of GQ,
choose an OL lattice Th = T
L
h of Vh which is invariant under ρh. Let
ρ¯h : GQ −→ GL2(
OL
πL
) (3)
be the residual representation of ρh.
1.3. Definition of the Selmer groups. We choose and fix a quadratic character
χ and set M := cond(χ). Recall for i = 1, 2, fi ∈ Sk(Γ0(Np
ti), ǫi) are two (fixed)
normalized cuspidal eigneforms with (N, p) = 1 and ti ∈ N ∪ {0}. Also recall
S = Sf1,f2 := {ℓ prime : ℓ || N}. Let Σ be a finite set of primes of Q such that
Σ ⊃ S ∪ {p} ∪M . Let QΣ be the maximum algebraic extension of Q unramified
outside Σ and set GΣ(Q) = Gal(QΣ/Q). In this subsection, we use h as a notation
for f1 or f2 i.e. h ∈ {f1, f2}. Hence we can take L = Kf1,f2,ǫ1,ǫ2, OL = O, πL = π.
Upon choosing O lattice Th ⊂ Vh ∼= K
⊕2
p
, we have an induced GQ action on the
discrete module Ah := Vh/Th. We also have the canonical maps
0 −→ Th −→ Vh
ph−→ Ah −→ 0. (4)
For j ∈ Z, set Vhχ(−j) = Vh ⊗ χω
−j
p = Vh ⊗ Qp(χω
−j
p ) with the diagonal action of
GQ. We further define Thχ(−j) = Th ⊗ χω
−j
p and put Ahχ(−j) =
Vhχ(−j)
Thχ(−j)
.
Let K ⊂ QΣ be a number field. We define ΣK to be the set primes in K lying
over the primes in Σ. In particular for K = Q, ΣQ = Σ. For every prime v ∈ ΣK ,
let us choose a subset H1† (Kv, Ahχ(−j)) ⊂ H
1(Kv, Ahχ(−j)). For this choice, we define
†-Selmer group S†(Ahχ(−j)/K) as
S†(Ahχ(−j)/K) := Ker
(
H1(QΣ/K,Ahχ(−j)) −→
∏
v∈ΣK
H1(Kv, Ahχ(−j))
H1† (Kv, Ahχ(−j))
)
(5)
For any r ∈ N, there is a canonical map
0 −→ Ahχ(−j)[π
r]
ihχ(−j),r
−→ Ahχ(−j) (6)
Next we define πr †-Selmer group S†(Ahχ(−j)[π
r]/K) as
S†(Ahχ(−j)[π
r]/K) := Ker
(
H1(QΣ/K,Ahχ(−j)[π
r]) −→
∏
v∈ΣK
H1(Kv, Ahχ(−j)[π
r])
H1† (Kv, Ahχ(−j)[π
r])
)
,
(7)
where H1† (Kv, Ahχ(−j)[π
r]) := i∗
−1
hχ(−j),r(H
1
† (Kv, Ahχ(−j))) for every v ∈ ΣK . Here
i∗hχ(−j),r : H
1(Kv, Ahχ(−j)[π
r]) −→ H1(Kv, Ahχ(−j))
is induced from ihχ(−j),r in (6). When there is no confusion, we may denote i
∗
r :=
i∗hχ(−j),r.
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Remark 1.3. For K = Q, note that if Ah[π] is irreducible as a GQ module then
the natural Kummer map H1(GΣ(Q), Ahχ(−j)[π
r]) −→ H1(GΣ(Q), Ahχ(−j))[π
r] is an
isomorphism. Also it follows from the definition of the Selmer group above that if
Ahχ(−j)[π] is irreducible, then the natural map S†(Ahχ(−j)[π
r]/Q) −→ S†(Ahχ(−j)/Q)[π
r]
is an isomorphism as well.
For a prime v ∈ ΣK , let Iv be the inertia subgroup of Gal(Q¯/K) at v and p
∗
hχ(−j) :
H1(Kv, Vhχ(−j)) −→ H
1(Kv, Ahχ(−j)) is induced from the map phχ(−j) in (4). Now
we will make special choice of H1† (Kv, Ahχ(−j)) for every v ∈ ΣK , to respectively
define Bloch-Kato Selmer group and under suitable condition we will also define
Greenberg, signed 1 and signed 2 Selmer groups.
First † = BK is defined as follows: For a v ∈ Σ, set
H1BK(Kv, Ahχ(−j)) :=
{
p∗hχ(−j)(H
1
unr(Kv, Vh)) if v ∈ ΣK , v ∤ p
p∗hχ(−j)(H
1
f (Kv, Vh)) if v | p.
where, H1unr(Kv, Vhχ(−j)) = Ker
(
H1(Kv, Vhχ(−j)) −→ H
1(Iv, Vhχ(−j))
)
, v ∈ ΣK , v ∤ p
(8)
and H1f (Kv, Vhχ(−j)) = Ker
(
H1(Kv, Vhχ(−j)) −→ H
1(Kv, Vhχ(−j)⊗Qp Bcrys)
)
, v | p
(9)
where Bcrys is as defined by Fontaine in [Fo]. This completes the definition of Bloch-
Kato Selmer groups.
For v | p, we also recall the definition of a subgroupH1g (Kv, Vhχ(−j)) ofH
1(Kv, Vhχ(−j)),
to be used later
H1g (Kv, Vhχ(−j)) := Ker
(
H1(Kv, Vhχ(−j)) −→ H
1(Kv, Vhχ(−j) ⊗Qp BdR)
)
, v | p
where BdR is as defined by Fontaine in [Fo].
Next we take † = Gr and define Greenberg Selmer group. To define this, is
necessary to assume that h is ordinary at p. Then by the p-ordinary property of ρh,
by Theorem 1.2(2), Ah has a filtration as a GQp module
0 −→ A′h −→ Ah −→ A
′′
h −→ 0, (10)
where both A′h
∨ and A
′′
h
∨
are free O module of rank 1 and the action of GQ on A
′′
h
is unramified at p. We can also get a similar filtration on Ahχ(−j). We now define
H1Gr(Kv, Ahχ(−j)) :=
{
Ker
(
H1(Kv, Ahχ(−j)) −→ H
1(Iv, Ahχ(−j))
)
if v ∈ ΣK , v ∤ p
Ker
(
H1(Kv, Ahχ(−j)) −→ H
1(Iv, A
′′
hχ(−j))
)
if v | p.
Now we take † = i and define signed i Selmer group for i ∈ {1, 2} (cf. [L-L-Z2],
[L-H]). To define this, it is necessary to assume that h is ‘good’ at p and also non-
ordinary at p i.e. t1 = t2 = 0, (N, p) =1 and vp(ap(h)) 6= 0. We also assume that the
quadratic character χ is trivial i.e. we only define signed Selmer group for f ⊗ ω−jp .
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Further, we assume K ⊂ Q(µp∞) := ∪
n
Q(µpn). For a prime v ∈ Σ, v ∤ p, we simply
define
H1i (Kv, Ah(−j)) := H
1
BK(Kv, Ah(−j)), i = 1, 2.
For v | p, we will now define H1i (Kv, Ah(−j)) for i = 1, 2 respectively.
As vp(ap(h)) 6= 0, a pair of Coleman maps
Colh,i : H
1
Iw(Qp, Th)
∼= lim←−
n
H1(Qp(µpn), Th) −→ O[∆][[Γ]] ∼= O[∆][[T ]]
are defined (see [L-H, §2] [L-L-Z2] for details). Here ∆ = Gal(Q(µp)/Q) andO = Oh.
Let PrKv be the natural projection map
H1Iw(Qp, Th(−j))
PrKv−→ H1(Kv, Th(−j)). (11)
For i = 1, 2, we first define a subset H1i (Kv, Th(−j)) ⊂ H
1(Kv, Th(−j)) to be
H1i (Kv, Th(−j)) := PrKv(Ker(Colh,i)⊗ ω
−j
p ), i = 1, 2
Now consider the natural map ι : H1(Kv, Th(−j)) −→ H
1(Kv, Vh(−j)) induced by
the inclusion of Th in Vh and denote by Vi the subspace of H
1(Kv, Vh(−j)) gen-
erated by the image of H1i (Kv, Th(−j)) under ι i.e. Vi =< ι(H
1
i (Kv, Th(−j))) >.
Finally, define H1i (Kv, Ah(−j)) := Proj(Vi) where Proj is the natural map Proj :
H1(Kv, Vh(−j)) −→ H
1(Kv, Ah(−j)) induced by the projection of Vh to Ah. This
completes the definition of signed 1 and 2 Selmer groups of h⊗ ω−jp .
Finally, we define πr Selmer companion modular forms.
Definition 1.4. Let i ∈ {1, 2} and fi ∈ Sk(Γ0(Ni), ǫi) be a normalized cuspidal
eigenform where Ni ∈ N. Let r ∈ N. We say f1 and f2 are π
r (Bloch-Kato) Selmer
companion, if for each critical twist j with 0 ≤ j ≤ k − 2 and for every quadratic
character χ of GQ, we have an isomorphism of π
r Bloch-Kato Selmer groups of
f1 ⊗ χω
−j
p and f2 ⊗ χω
−j
p over Q i.e.
SBK(Af1χ(−j)[π
r]/Q) ∼= SBK(Af2χ(−j)[π
r]/Q).
Note that for weight k ≥ 2, corresponding to k − 1 critical values, there are
k − 1 many Selmer groups associated to a cuspidal eigenform; and for f1 and f2
to be πr-Selmer companion, we need each j with 0 ≤ j ≤ k − 2 and every χ,
SBK(Af1χ(−j)[π
r]/Q) ∼= SBK(Af2χ(−j)[π
r]/Q).
Remark 1.5. Mazur and Rubin [M-R, §1] have stated that given an elliptic curve
E over a number field K, they expect there are only finitely many elliptic curves E ′
over K such that E and E ′ are Selmer companion. Moreover they have shown in
[M-R, Proposition 7.1] that given an elliptic curve E over K there are only finitely
many elliptic curves E ′ over K such that the pair (E,E ′) satisfy all the conditions
of their main theorem (Theorem 3.1, [M-R]).
Our situation is different. Let f ∈ S2(Γ0(N)) be a p-ordinary normalized Hecke
eigen newform with ap(f) 6= ±1 (mod π), N is squarefree and coprime to p. We
further assume that condℓ(ρ¯f ) = ℓ for every prime ℓ||N . (In Example 5.1(1), we
have given explicit example of such an f .)
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Then by Hida theory (see [Wi]) there exists infinitely many fr ∈ S2(Γ0(Np
r), ψr)
such that fr ≡ f (mod π), where π = πf,fr,ψr and ψr is certain dirichlet character
of conductor pr satisfying ψr is trivial (mod π). Then for each r, the pair (f, fr)
satisfies conditions (1), (2) and (3) of Theorem 3.10. In particular, f and fr are π
Selmer companion for infinitely many fr.
Remark 1.6. In the converse direction, Mazur and Rubin have asked if two elliptic
curves E and E ′ over K are pr-Selmer companion, then can we say that E[pr] ∼=
E ′[pr] as Gal(K¯/K)-modules (see [M-R, Conjecture 7.14], in arxiv version.)? It
would be interesting to investigate if πr-Selmer companion modular forms of weight
k ≥ 2 are congruent mod πr.
2. ‘Greenberg Selmer companion forms’
In this section, we compare twisted πr-Greenberg Selmer group of two p-ordinary
πr congruent cuspforms. We use these results in the next section to study Bloch-
Kato Selmer companion forms. Our main result in this section is the following:
Theorem 2.1. Let p be an odd prime and for i = 1, 2, let fi be a p-ordinary
normalized eigenform in Sk(Γ0(Np
ti), ǫi), where (N, p) = 1, k ≥ 2, ti ∈ N ∪ {0}.
Recall from §1.1, C ′i is the tame conductor of ǫi. Let r ∈ N and φ : Af1[π
r] −→
Af2 [π
r] be a GQ linear isomorphism. We assume the following:
(1) N is square-free and ∀ℓ ∈ S, condℓ(ρ¯f1) = ℓ = condℓ(ρ¯f2).
(2) The condition (C′i,ℓ), defined in equation (1), is satisfied for i = 1, 2.
(3) Assume ωk−1p ǫi,p 6= 1 (mod π) for i = 1, 2.
Then for each fixed j with 0 ≤ j ≤ k− 2, and for every quadratic character χ of GQ
there is an isomorphism
SGr(Af1χ(−j)[π
r]/Q) ∼= SGr(Af2χ(−j)[π
r]/Q).
Here condℓ(ρ¯f1) and condℓ(ρf2) are defined following Serre and can be found in
[Li, §1, Page 135]. The proof of the theorem is divided into several lemmas and
propositions.
Proposition 2.2. Let i ∈ {1, 2} and fi ∈ Sk(Γ0(Np
ti), ǫi) with (N, p) = 1. Assume
N is square-free and ∀ℓ ∈ S, condℓ(ρ¯fi) = ℓ. Also assume the hypothesis (C
′
i,ℓ)
defined in equation (1). Then for every quadratic character χ of GQ, for any j ∈ Z
and for every prime ℓ ∈ Σ \ {p}, condℓ(ρfiχ(−j)) = condℓ(ρ¯fiχ(−j)).
Proof. Let i ∈ {1, 2}. Recall, M = conductor of χ and Ci = conductor of ǫi. Then
M = D or 4D with D square-free. Note as ωp is unramified at ℓ, condℓ(ρfiχ(−j)) =
condℓ(ρfiχ) and condℓ(ρ¯fiχ(−j)) = condℓ(ρ¯fiχ). Thus it suffices to show that for every
quadratic character χ of GQ, condℓ(ρfiχ) = condℓ(ρ¯fiχ).We prove this by considering
various cases.
Case 1 ℓ||N and ℓ ∤M :
Since ℓ ∤M , χ is unramified and we have condℓ(ρfiχ) = condℓ(ρfi) and condℓ(ρ¯fiχ) =
condℓ(ρ¯fi). Now from the first assumption of the proposition, we have condℓ(ρfi) =
condℓ(ρ¯fi). Therefore condℓ(ρfiχ) = condℓ(ρ¯fiχ).
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Case 2 ℓ ∤ N and ℓ |M :
Since ℓ ∤ N , ρfi is unramified. Therefore condℓ(ρfiχ) = condℓ(χ) and condℓ(ρ¯fiχ) =
condℓ(χ¯) where χ¯ denote the residual character mod π associated to χ. Since χ is a
quadratic character and p 6= 2, condℓ(χ) = condℓ(χ¯). This implies that condℓ(ρfiχ) =
condℓ(ρ¯fiχ).
Case 3 ℓ||N, ℓ ∤ C ′i and ℓ|M :
By our assumption, condℓ(ρfi) = condℓ(ρ¯fi) = ℓ. Then from [Li, Page 135], we get
condℓ(ρfi) = ℓ
codim ρ
Iℓ
fi
+sw(ρss
fi
)
and condℓ(ρ¯fi) = ℓ
codim ρ¯
Iℓ
fi
+sw(ρ¯fi)
In particular, codim ρ¯Iℓfi ≤ 1 and therefore dim ρ¯
Iℓ
fi
≥ 1. Since ρ¯fi is ramified at
ℓ, dim ρ¯Iℓfi = 1. This implies that ρ¯fi has an unramified submodule, say V¯1. Put
V¯2 := V¯fi/V¯1 where V¯fi denote the vector space corresponding to ρ¯fi . Let χ¯1 and
χ¯2 be the characters associated to V¯1 and V¯2 respectively. As ℓ ∤ C
′
i, we get χ¯1χ¯2 =
ω¯k−1p ǫ¯i. This implies that χ¯2 is also unramified. Thus we have ρ¯fi ∼
(
χ¯1 ∗
0 χ¯2
)
and
consequently
ρ¯fiχ = ρ¯fi ⊗ χ¯ ∼
(
χ¯1χ¯ ∗
0 χ¯2χ¯
)
.
Now χ being quadratic and ℓ | M , both χ and χ¯ are ramified ramified at ℓ. In
particular, (V¯fi ⊗ χ)
Iℓ = 0 i.e. codim (V¯fi ⊗ χ)
Iℓ = 2. On the other hand,
ρfiχ |Gℓ ∼
(
ηiωpχ ∗
0 ηiχ
)
,
where ηi is an unramified character (see [Hi, Theorem 3.26(3)]). Again as χ is rami-
fied at ℓ, we deduce (Vfiχ)
Iℓ = 0; in other words, codim (Vfiχ)
Iℓ = 2 as well. Further
by [Li, Prop. 1.1], sw(V¯fi ⊗ χ) = sw((Vfiχ)
ss). Hence condℓ(ρfiχ) = condℓ(ρ¯fiχ)
holds true in this case.
Case 4 ℓ||N, ℓ | C ′i and ℓ|M :
In this case, ρfi |Iℓ
∼
(
ǫi,ℓ 0
0 1
)
and ρ¯fi|Iℓ
∼
(
ǫ¯i,ℓ 0
0 1
)
(see [Hi, Theorem 3.26(3)]).
Similarly,
ρfiχ|Iℓ
∼
(
ǫi,ℓχ 0
0 χ
)
and ρ¯fiχ|Iℓ
∼
(
ǫ¯i,ℓχ¯ 0
0 χ¯
)
.
Note that as ℓ | M , both χ and χ¯ are ramified at ℓ as in the previous case.
First we consider the subcase when ǫ¯iχ¯ is ramified at ℓ. This implies that ǫiχ is also
ramified. Thus codim (V¯fi ⊗ χ)
Iℓ = 2 = codim (Vfiχ)
Iℓ holds.
Next we assume ǫ¯iχ¯ is unramified i.e. ǫ¯i,ℓχ¯ℓ is trivial. Then we have ǫ¯
2
i,ℓ is trivial.
Now by the second assumption of the proposition, the order of ǫ2i,ℓ is not a positive
power of p. Hence ǫ¯2i,ℓ is trivial gives ǫ
2
i,ℓ is also trivial. Thus ǫi,ℓ and ǫi,ℓχℓ are
both quadratic characters. Hence ǫ¯i,ℓχ¯ℓ is trivial implies ǫi,ℓχℓ is trivial. Then using
ρfiχ|Iℓ
∼ ǫi,ℓχℓ ⊕ χℓ and χ is ramified at ℓ, we deduce codim (V¯fi ⊗ χ)
Iℓ = 1 =
codim (Vfiχ)
Iℓ. Again from [Li, Prop. 1.1], sw(V¯fi ⊗ χ) = sw((Vfiχ)
ss), hence we
obtain condℓ(ρfiχ) = condℓ(ρ¯fiχ), as required. 
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Corollary 2.3. We keep the hypotheses of Proposition 2.2. Then for every quadratic
character χ of GQ and for the (−j)
th Tate twist of fi⊗χ, we have A
Iℓ
fiχ(−j)
is divisible.
Proof. This is a direct consequence of Proposition 2.2 and the proof of [E-P-W,
Lemma 4.1.2]. 
Lemma 2.4. Let us keep the hypotheses of Proposition 2.2. Then for every q ∈
Σ \ {p}, every χ and every j, we have
H1Gr(Qq, Afiχ(−j)[π
r]) = Ker
(
H1(Qq, Afiχ(−j)[π
r]) −→ H1(Iq, Afiχ(−j)[π
r])
)
.
Proof. Consider the commutative diagram
H1(Qq, Afiχ(−j)[π
r])
φr
//
i∗r

H1(Iq, Afiχ(−j)[π
r])
sr

H1(Qq, Afiχ(−j))
φ
// H1(Iq, Afiχ(−j))
Now b ∈ H1Gr(Qq, Afiχ(−j)[π
r]) if and only if b ∈ Ker(φ ◦ i∗r) = Ker(sr ◦ φr). As sr is
induced by the Kummer map, Ker(sr) ∼=
(Afiχ(−j))
Iq
πr(Afiχ(−j))
Iq
. It follows from Corollary 2.3
that ker(sr) = 0 which proves the lemma. 
Using Lemma 2.4, the following expression of SGr(Afiχ(−j)[π
r]/Q) is immediate.
Lemma 2.5. We keep the hypotheses of Proposition 2.2. Then we have an exact
sequence
0→ SGr(Afiχ(−j)[π
r ]/Q) −→ H1(GΣ(Q), Afiχ(−j)[π
r]) −→
∏
q∈Σ,q 6=p
H1(Iq, Afiχ(−j)[π
r])×
H1(Qp, Afiχ(−j)[π
r])
H1Gr(Qp, Afiχ(−j)[π
r])
.
Next we study the p-part of the local terms defining SGr(Afiχ(−j)[π
r]/Q).
Proposition 2.6. Set I ′p = Gal(Q¯p/Q
unr
p (µp∞)) and i ∈ {f1, f2}. Then
H1Gr(Qp, Afiχ(−j)[π
r]) =


Ker
(
H1(Qp, Afiχ(−j)[π
r]) −→ H1(Ip, A
′′
fiχ(−j)
[πr])
)
if (ω−jp χ)|Ip 6= 1(mod π) or j = 0.
Ker
(
H1(Qp, Afiχ(−j)[π
r]) −→ H1(I ′p, A
′′
fiχ(−j)
[πr])
)
otherwise.
Proof. Case 1: Either (ω−jχ)|Ip 6= 1 (mod π) or j = 0.
Consider the commutative diagram H1(Qp, Afiχ(−j)[π
r])
θr
//
i∗r

H1(Ip, A
′′
fiχ(−j)
[πr])
i
′′∗
r

H1(Qp, Afiχ(−j))
θ
// H1(Ip, A
′′
fiχ(−j)
)
It suffices to show in Case 1 that H1Gr(Qp, Afiχ(−j)[π
r]) = Ker(θr). From the above
diagram, we observe that b ∈ H1Gr(Qq, Afiχ(−j)[π
r]) if and only if b ∈ Ker(θ ◦ i∗r) =
Ker(i
′′∗
r ◦ θr). Thus it further reduces to show Ker(i
′′∗
r ) = 0 in this case. Note that
Ker(i
′′∗
r )
∼= (A
′′
fiχ(−j)
)Ip/πr(A
′′
fiχ(−j)
)Ip. We divide the proof in three subcases.
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First, let j = 0 and χ is unramified at p: Then A
′′Ip
fiχ(−j)
= A′′fiχ is divisible, whence
Ker(i
′′∗
r ) = 0.
Second, let j = 0 and χ is ramified: Here being a quadratic character χ (mod π)
is also ramified (here we use p is odd). Thus Ip acts non-trivially on A
′′
fiχ
[π] and
hence (A′′fiχ[π])
Ip = 0 = (A′′fiχ)
Ip and consequently Ker(i
′′∗
r ) = 0.
Finally, let j > 0 and (ω−jχ)|Ip 6= 1 (mod π): In this scenario, (ω
−j
p χ)|Ip (mod π) is
nontrivial. Hence Ip again acts non-trivially onA
′′
fiχ(−j)
[π] and hence (A′′fiχ(−j)[π])
Ip =
0 = (A′′fiχ(−j))
Ip and again we conclude Ker(i
′′∗
r ) = 0.
Case 2: j > 0 and simultaneously (ω−jp χ)|Ip = 1 (mod π). We now consider the
following commutative diagram H1(Qp, Afiχ(−j)[π
r])
ψr
//
i∗r

H1(I ′p, A
′′
fiχ(−j)
[πr])
i
′′∗
r

H1(Qp, Afiχ(−j))
ψ
// H1(I ′p, A
′′
fiχ(−j)
)
From this diagram, it suffices to show that H1Gr(Qp, Afiχ(−j)[π
r]) = Ker(ψr) to com-
plete the proof of the Lemma. As j > 0, we have (A′′fiχ(−j))
Ip is finite. More-
over, as Ip/I
′
p = Gal(Q
unr
p (µp∞)/Q
unr
p ) is pro-cyclic, H
1(Ip/I
′
p, A
′′I′p
fiχ(−j)
) is finite as
well. Now the second assumption (ω−jp χ)|Ip = 1 (mod π) implies that I
′
p acts
trivially on A′′fiχ(−j). Hence H
1(Ip/I
′
p, A
′′
fiχ(−j)
I′p) = H1(Ip/I
′
p, A
′′
fiχ(−j)
) is divisi-
ble also. Hence H1(Ip/I
′
p, A
′′
fiχ(−j)
I′p) = 0. Therefore the natural restriction map
H1(Ip, A
′′
fiχ(−j)
) −→ H1(I ′p, A
′′
fiχ(−j)
) is injective. Thus we have shown that
H1Gr(Qp, Afiχ(−j)) := Ker
(
H1(Qp, Afiχ(−j)) −→ H
1(Ip, A
′′
fiχ(−j)
)
)
= Ker(ψ).
On the other hand, divisibility of A
′′I′p
fiχ(−j)
= A′′fiχ(−j) implies that i
′′∗
r is injective. Now
by an argument similar to Case 1, we get that H1Gr(Qp, Afiχ(−j)[π
r]) = Ker(ψr). 
From the discussions in Case 1 of Proposition 2.6, we deduce the following corol-
lary.
Corollary 2.7. Assume that either (i) j = 0 or (ii) j > 0 and ω−jp χ|Ip 6= 1 (mod π).
Then for i = 1, 2, A
′′Ip
fiχ(−j)
is π-divisible. 
Remark 2.8. We have 0 ≤ j ≤ k − 2. If we choose p−1
2
> k − 2 i.e. p > 2k − 3,
then j < p−1
2
and ωjp (mod π) is not a quadratic character. In particular, we have
(ω−jp χ)|Ip 6= 1 (mod π) and conditions (i) and (ii) of Corollary 2.7 are satisfied.
Corollary 2.9. We keep the hypotheses of Proposition 2.2. Then it follows from
Lemma 2.4, Lemma 2.5 and Proposition 2.6 that:
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If either (ω−jp χ)|Ip 6= 1 (mod π) or when j = 0, then
SGr(Afiχ(−j)[π
r]/Q) = Ker
(
H1(GΣ(Q), Afiχ(−j)[π
r]) −→
∏
q∈Σ,q 6=p
H1(Iq , Afiχ(−j)[π
r])×H1(Ip, A
′′
fiχ(−j)
[πr])
)
.
In other case i.e. when (ω−jp χ)|Ip = 1 (mod π) as well as j > 0,
SGr(Afiχ(−j)[π
r]/Q) = Ker
(
H1(GΣ(Q), Afiχ(−j)[π
r]) −→
∏
q∈Σ,q 6=p
H1(Iq , Afiχ(−j)[π
r])×H1(I ′p, A
′′
fiχ(−j)
[πr])
)
Lemma 2.10. Recall φ : Af1 [π
r] −→ Af2 [π
r] is the given GQ linear isomorphism
in Theorem 2.1. Let k be such that ωk−1p ǫi,p 6= 1 (mod π). Then φ|Gp induces an
isomorphism A′′f1 [π
r] ∼= A′′f2 [π
r]. Consequently, for all quadratic character χ and all
0 ≤ j ≤ k − 2, φ|Gp induces isomorphisms A
′′
f1χ(−j)
[πr] ∼= A′′f2χ(−j)[π
r].
Proof. Let i ∈ {1, 2}. First we claim that
H0(Ip, A
′
fi
[πr]) = 0. (12)
This is proved by induction on r. The case r = 1 is proved as follows: the action
of Ip on the one dimensional Of/π vector space A
′
fi
[π] is via ωk−1p ǫi,p (mod π) and
thus by given condition on k in the hypothesis, this action is non-trivial. Hence
H0(Ip, A
′
fi
[π]) = 0. Then we apply induction using the short exact sequence 0 →
A′fi [π] −→ A
′
fi
[πr] −→ A′fi[π
r−1]→ 0 to establish the claim for a general r.
Next we consider the exact sequence 0 → A
′
fi
[πr] −→ Afi[π
r] −→ A
′′
fi
[πr] → 0.
Then using equation (12), we deduce
H0(Ip, A
′′
fi
[πr]) ∼= H0(Ip, Afi [π
r]). (13)
Notice that as Ip acts on A
′′
fi
trivially, we have the identification
A
′′
fi
[πr] = H0(Ip, A
′′
fi
[πr]). (14)
Using (13) and (14), we finally get the required Gp linear isomorphism
A
′′
f1 [π
r] ∼= H0(Ip, Af1[π
r]) ∼= H0(Ip, Af2[π
r]) ∼= A
′′
f2 [π
r]. 
Proof of Theorem 2.1: It is now plain from Corollary 2.9 and Lemma 2.10. 
3. Bloch-Kato Selmer Companion forms
In this section we study Bloch-Kato Selmer companion forms and establish our
main result (Theorem 3.10). We shall begin by comparing Greenberg and Bloch-
Kato Selmer group. Recall from Theorem 1.2(2), λfi is the unramified character of
Gp with λfi(Frobp) = αp(fi).
Proposition 3.1. Let i ∈ {1, 2}. We assume all of the following hypotheses.
(1) Let fi be p-ordinary.
(2) The tame level N of fi is square-free and ∀ℓ ∈ S, condℓ(ρ¯fi) = ℓ.
(3) The condition (C′i,ℓ), defined in equation (1), is satisfied.
(4) H1Gr(Qp, Afiχ(−j)) is π-divisible.
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(5) λfi 6= ±1 and λfi 6= ±ǫ
′
i. Then,
SGr(Afiχ(−j)[π
r]/Q) ∼= SBK(Afiχ(−j)[π
r]/Q).
Proof. It suffices to show, H1BK(Qq, Afiχ(−j)[π
r]) = H1Gr(Qq, Afiχ(−j)[π
r]) for every
q ∈ Σ.
By assumptions (1) and (2), it follows from Corollary 2.3 that AIqfiχ(−j) is divisible
for every q ∈ Σ \ {p}. Thus for such a q, H1Gr(Qq, Afiχ(−j)) = H
1(Gq/Iq, A
Iq
fiχ(−j)
) is di-
visible. Note thatH1BK(Qq, Afiχ(−j)) is the maximal divisible subgroup ofH
1(Gq/Iq, A
Iq
fiχ(−j)
)
(see for example [Oc, Proposition 4.2]). Hence we deduce for every q ∈ Σ\{p},H1BK(Qq, Afiχ(−j))
= H1Gr(Qq, Afiχ(−j)) and consequently H
1
BK(Qq, Afiχ(−j)[π
r]) = H1Gr(Qq, Afiχ(−j)[π
r])
follows.
Next we consider the case of prime p. Note that in this case, the image of
H1g (Qp, Vfiχ(−j)) inH
1(Qp, Afiχ(−j)) is the maximum divisible subgroup ofH
1
Gr(Qp, Afiχ(−j))
[Oc, Proof of Proposition 4.2]. We first claim, H1BK(Qp, Vfiχ(−j)) = H
1
g (Qp, Vfiχ(−j)).
Assume this claim to be true at the moment. Then from the assumption (3), we get
thatH1BK(Qp, Afiχ(−j)) = H
1
Gr(Qp, Afiχ(−j)). This in turn implies thatH
1
BK(Qp, Afiχ(−j)[π
r])
= H1Gr(Qp, Afiχ(−j)[π
r]).
The proposition follows from the above discussion once we establish the claim.
We calculate, dimQpH
1
BK(Qp, Vfiχ(−j))− dimQpH
1
g (Qp, Vfiχ(−j)). By [Be, 2.3.5, Page
35],
dimQp
H1g (Qp, Vfiχ(−j))
H1BK(Qp, Vfiχ(−j))
= dimQpDcrys(V
∗
fiχ(−j)
(1))φ=1
where V ∗ = HomQp(V,Qp)
We shall first show Dcrys(V
′′∗
fiχ(−j)
(1))φ=1 = 0. If χ is ramified then it follows
from ([F-O, §7.2.4, §7.2.5, Prop. 7.20]) that V ′′∗fiχ(−j)(1) is not crystalline. Therefore
Dcrys(V
′′∗
fiχ(−j)
(1))
= 0. Now suppose that χ is unramified. In this case V ′′∗fiχ(−j)(1) is crystalline. Then
using [Sc, §4.2.3]) and the assumption λfi 6= ±1 implies thatDcrys(V
′′∗
fiχ(−j)
(1))φ=1 =
0.
Next, we showDcrys(V
′∗
fiχ(−j)
(1))φ=1 = 0. The Galois groupGp acts on V
′∗
fiχ(−j)
(1)
via λ−1fi ǫ
′
iǫi,pχω
k−2−j
p . Now if ǫi,pχ is ramified, then V
′∗
fiχ(−j)
(1) is not crystalline and
therefore Dcrys(V
′∗
fiχ(−j)
(1)) = 0.
On the other hand, assume that ǫi,pχ is unramified. Moreover if χ is also unram-
ified, we necessarily have ǫi,p = 1. Further the assumption that λfi 6= ±ǫ
′
i implies
that λ−1fi ǫ
′
iχ 6= 1. Then from [Sc, §4.2.3] we have Dcrys(V
′′∗
fiχ(−j)
(1))φ=1 = 0. Finally,
if χ is ramified then we get (ǫi,pχ)|Ip = 1. This shows that ǫi,p is a quadratic char-
acter. Therefore ǫi,pχ is an unramified quadratic character. Now again from [Sc,
§4.2.3]) and the assumption λfi 6= ±ǫ
′
i we have that Dcrys(V
′′∗
fiχ(−j)
(1))φ=1 = 0. This
completes the proof of the proposition. 
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Remark 3.2. We note that the condition (4) in Proposition 3.1 is satisfied if either
weight k > 2 or if p is a good prime for fi i.e. t1 = t2 = 0 holds [Mi, Theorem
4.6.17(3)].
Lemma 3.3. Let fi be p-ordinary. If ω
k−2−j
p ǫiχ 6= λfi (mod π) thenH
2(Qp, A
′
fiχ(−j))
[π]) =
0 and in particular this implies that H1(Qp, A
′
fiχ(−j)
) is π-divisible.
Proof. We write ω¯p := ωp (mod π). By Tate duality, the Pontryagin dual of
H2(Qp, A
′
fiχ(−j)
[π]) is equal to H0(Qp, (A
′
fiχ(−j)
[π])∗(1)), where A′fiχ(−j)[π])
∗(1) is de-
fined as Hom(A′fiχ(−j)[π], ω¯p). Thus it suffices to show H
0(Qp, (A
′
fiχ(−j)
[π])∗(1)) = 0
or equivalently Gp acts non-trivially on Hom(A
′
fiχ(−j)
[π], ω¯p). On the other hand,
Hom(A′fiχ(−j)[π], ω¯p) is equal to the Pontryagin dual of A
′
fiχ(−j−1)
[π]. Thus Gp
acts non-trivially on Hom(A′fiχ(−j)[π], ω¯p) if and only if Gp acts non-trivially on
A′fiχ(−j−1)[π]. This action of Gp is via ω
k−2−j
p ǫiχλ
−1
fi
(mod π). Thus using the given
hypothesis, the first of the lemma follows.
For the second part, there is an exact sequence via Kummer theory
H1(Qp, A
′
fiχ(−j)
) −→ H1(Qp, A
′
fiχ(−j)
) −→ H2(Qp, A
′
fiχ(−j))
[π])
where the first map is given by multiplication by π. Hence if H2(Qp, A
′
fiχ(−j))
[π]) = 0
then H1(Qp, A
′
fiχ(−j)
) is π-divisible. 
Lemma 3.4. Let i = 1, 2 and fi be p-ordinary. Assume the following conditions.
(1) H2(Qp, A
′
fiχ(−j)
[π]) = 0.
(2) A
′′Ip
fiχ(−j)
is π-divisible.
Then H1Gr(Qp, Afiχ(−j)) is π-divisible.
Proof. Consider the natural restriction map g : H1(Qp, A
′′
fiχ(−j)
) −→ H1(Ip, A
′′
fiχ(−j)
).
Then Ker(g) ∼= H1(Gp/Ip, A
′′Ip
fiχ(−j)
) ∼= H1(< Frobp >,A
′′Ip
fiχ(−j)
), is divisible by as-
sumption (2). On the other hand, the exact sequence 0 −→ A′fiχ(−j) −→ Afiχ(−j) −→
A
′′
fiχ(−j)
−→ 0 induces the natural maps on cohomology
H1(Qp, A
′
fiχ(−j)
)
ψ
−→ H1(Qp, Afiχ(−j))
f
−→ H1(Qp, A
′′
fiχ(−j)
)
Then f is surjective by assumption (1). Also Ker(f) ∼= Img(ψ) is divisible by our
assumption (1) together with Lemma 3.3. Now we consider the exact sequence
0 −→ Ker(f) −→ Ker(g ◦ f) = H1Gr(Qp, Afiχ(−j)) −→ Ker(g) −→ Coker(f) = 0
The divisibility of H1Gr(Qp, Afiχ(−j)) follows from the divisibility of Ker(f) and
Ker(g). 
Lemma 3.5. If either one of the following conditions hold
(i) p > 2k − 3 and ωk−2−jp ǫi,p (mod π) is not a quadratic character.
(ii) p > 2k − 3 and ap(fi) 6= ±ǫ
′
i(Frobp) (mod π),
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then the assumptions of Lemma 3.4 hold and H1Gr(Qp, Afiχ(−j)) is π-divisible.
In particular, if t1 = t2 = 0, then if p > 2k − 3 and either (i) j 6= k − 2 or (ii)
ap(fi) 6= ±ǫi(Frobp) (mod π) holds, then H
1
Gr(Qp, Afiχ(−j)) is π-divisible.
Proof. Recall λfi(Frobp) = αp(fi) ≡ ap(fi) (mod π). If p > 2k−3 then A
′′Ip
fiχ(−j)
is π-
divisible (by Corollary 2.7 and Remark 2.8). In addition, if ωk−2−jp ǫi,p (mod π) is not
a quadratic character then (ωk−2−jp ǫi,p)|Ip 6= ±1 (mod π) as ωp and ǫi,p are determined
by their values on Ip. Hence (ω
k−2−j
p ǫi,pχ)|Ip 6= 1 (mod π) for any quadratic character
χ. As ǫ′i and λfi are unramified at p, we deduce that ω
k−2−j
p ǫi,pχ 6= ǫ
′
i
−1λfi (mod π)
or equivalently ωk−2−jp ǫiχ 6= λfi (mod π). Using this, we get H
2(Qp, A
′
fiχ(−j)
[π]) = 0
by Lemma 3.3. Consequently, H1Gr(Qp, Afiχ(−j)) is π-divisible.
In the second case, assume p > 2k−3, ap(fi) 6= ±ǫ
′
i(Frobp) (mod π) and ω
k−2−j
p ǫi,p
(mod π) is a quadratic character. Then ωk−2−jp ǫi,pχ (mod π) is quadratic and ǫ
′
i
−1λfi
is not a quadratic character. Therefore ωk−2−jp ǫi,pχ 6= ǫ
′
i
−1λfi (mod π). Thus again
by Lemma 3.3, H2(Qp, A
′
fiχ(−j)
[π]) = 0 and H1Gr(Qp, Afiχ(−j)) is π-divisible in this
case as well.
Lemma 3.6. Recall fi ∈ Sk(Γ0(Np
ti), ǫi) be p-ordinary, where i = 1, 2. Let us
assume k 6= 3, p > 2k − 3. Also assume t1 = t2 = 0 i.e. fi ∈ Sk(Γ0(N), ǫi) with
p ∤ N . Consider the isomorphism H1(Qp, Af1χ(−j)[π
r])
[φr]
−→ H1(Qp, Af2χ(−j)[π
r])
induced from the GQ linear isomorphism φ : Af1χ(−j)[π
r] −→ Af2χ(−j)[π
r] with j =
k − 2. Then for j = k − 2, [φ] induces an isomorphism H1BK(Qp, Af1χ(−j)[π
r])
[φ]
−→
H1BK(Qp, Af2χ(−j)[π
r]) for every quadratic character χ of GQ.
Proof. We first consider the case when χ is a ramified character at p. Since j = k−2
and ǫi, λfi are unramified at p, we deduce ǫiχ 6= λfi (mod π) and hence by Lemma
3.3, H2(Qp, A
′
fiχ(−j))
[πr]) = 0 for i = 1, 2. Also note that (A
′′
fiχ(−j)
)Ip is divisible by
Remark 2.8 and thus by Lemma 3.4, H1Gr(Qp, Afiχ(−j)) is π-divisible. Further, by
Remark 3.2 and from the proof of Proposition 3.1, we obtainH1BK(Qp, Afiχ(−j)[π
r]) ∼=
H1Gr(Qp, Afiχ(−j)[π
r]) for i = 1, 2. Finally, applying Proposition 2.6, we deduce the
lemma in this case.
Next we consider the case when χ is unramified at p. In this case as ti = 0,
Vfiχ is crystalline at p for i = 1, 2. Then for any j 6=
k−1
2
, under the GQ linear
isomorphism φ : Af1χ(−j)[π
r] −→ Af2χ(−j)[π
r], it is shown in [D-S-W, Theorem
6.1, Case (3), Page 10] that [φ] induces an isomorphism H1BK(Qp, Af1χ(−j)[π
r])
[φ]
−→
H1BK(Qp, Af2χ(−j)[π
r]). Note that in the proof of [D-S-W, Theorem 6.1, Case (3),
Page 10] the case r = 1 is covered; however from their proof we can see that the
result hold for a general r as well. Now as k 6= 3, k − 2 6= k−1
2
and the assertion in
the lemma follows from the above mentioned result of [D-S-W].
Remark 3.7. In fact, the proof of [D-S-W, Theorem 6.1, Case (3), Page 10] iden-
tifying H1BK(Qp, Af1χ(−j)[π
r]) with H1BK(Qp, Af2χ(−j)[π
r]) works for the pair Vf1χ(−j)
and Vf2χ(−j) in both the cases when f1 and f2 are either ordinary or non-ordinary at
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p; however they require Vfiχ(−j) to be crystalline for i = 1, 2 as well as j 6=
k−1
2
. Thus
the conclusion of Lemma 3.6 can not be deduced only from the results of [D-S-W].
Recall, if p does not divide level of h and vp(ap(h)) 6= 0, then for any K with Qp ⊂
K ⊂ Qp(µp∞) we have defined the signed i Selmer local condition H
1
i (K,Ah(−j)[π
r])
in §1.3.
Lemma 3.8. Let p ∤ N and for i ∈ {1, 2}, let fi ∈ Sk(Γ0(N), ǫi) be non-ordinary
at p with p ≥ k. Let K be any field such that Qp(µp) ⊂ K ⊂ Qp(µp∞). Consider
the isomorphism H1(K,Af1(−j)[π
r])
[φ]
−→ H1(K,Af2(−j)[π
r]) induced from the GQ
linear isomorphism φ = φr : Af1(−j)[π
r] −→ Af2(−j)[π
r] where j ∈ Z. Then [φ]
induces an isomorphism H11 (K,Af1(−j)[π
r]) ∼= H11 (K,Af2(−j)[π
r]). In particular, for
0 ≤ j ≤ k − 2, we have a canonical identification induced by φ,
H11 (Qp(µp), Af1(−j)[π
r]) ∼= H11(Qp(µp), Af2(−j)[π
r]).
Proof. First of all, by an argument entirely similar to [L-H, Lemma 4.4], for every
j, we have a canonical isomorphism induced by φ
H11 (Qp(µp∞), Af1(−j)[π
r]) ∼= H11(Qp(µp∞), Af2(−j)[π
r]). (15)
Under the assumption p ≥ k, it follows by [Lei, Lemma 4.4] that
A
GQp(µp∞ )
fi(−j)
= 0.
This is used in [L-H, Lemma 4.3] to deduce for i = 1, 2 and any j
H11 (Qp(µp∞), Afi(−j)[π
r]) ∼= H11(Qp(µp∞), Afi(−j))[π
r]. (16)
Further by [L-H, Remark 2.5] we see that
H11 (Qp(µp∞), Afi(−j))
Gal(Qp(µp∞ )/K) ∼= H11 (K,Afi(−j)). (17)
From (16) and (17), we deduce
H11 (K,Afi(−j))[π
r] ∼= H11 (Qp(µp∞), Afi(−j)[π
r])Gal(Qp(µp∞ )/K) (18)
On the other hand, from the definition of H11 (K,Afi(−j)[π
r]) and the canonical iden-
tification of H1(K,Afi(−j)[π
r]) ∼= H1(K,Afi(−j))[π
r] induced via the inclusion map,
we have
H11 (K,Afi(−j)[π
r]) ∼= H11 (K,Afi(−j))[π
r] (19)
From (18) and (19), for every j, we have a canonical isomorphism
H11 (K,Af1(−j)[π
r]) ∼= H11 (K,Af2(−j)[π
r]) (20)
which is induced from the isomorphism H1(K,Af1(−j)[π
r])
[φ]
−→ H1(K,Af2(−j)[π
r])
coming from the GQ linear isomorphism φ. 
Proposition 3.9. Let p ∤ N and for i ∈ {1, 2}, let fi ∈ Sk(Γ0(N), ǫi) be non-
ordinary at p with p ≥ k. Then for every 0 ≤ j ≤ k − 2,
H1BK(Qp(µp), Afi(−j)) = H
1
1 (Qp(µp), Afi(−j)). (21)
16
Proof. The main idea is that Bloch-Kato condition at p is given by the kernel of the
Perrin-Riou dual exponential map and local condition at p for the signed i Selmer
group is given by the kernel of the Colmani map. One then deduces the result by
looking at the relation between the dual exponential map and the Colman map.
It is shown in [L-H, Prop. 2.14, Remark 2.15] that for every 0 ≤ j ≤ k − 2,
H1BK(Qp, Afi(−j)) = H
1
1 (Qp, Afi(−j)) = H
1
2 (Qp, Afi(−j)) (22)
Here we remark that it follows from [L-L-Z2, Remark 5.8] that the condition in [L-H,
Remark 2.15] is always satisfied. We thank Antonio Lei for explaining this. We will
use the results in [L-L-Z, §3.3], to extend (22) to Qp(µp).
We define H1BK(Qp(µp), Th(−j)) to be the preimage of H
1
BK(Qp(µp), Vh(−j)) under
the natural map induced by the inclusion Th(−j) → Vh(−j). Let z ∈ H
1
Iw(Qp, Th) and
we denote by zj its image in H
1(Qp(µp), Th(−j)) under the natural composite map
H1Iw(Qp, Th) → H
1(Qp(µp), Th) → H
1(Qp(µp), Th(−j)). We choose two distinct u1
and u2 in Z
×
p in [L-L-Z, Prop. 3.11] and use it in [L-L-Z, Equation (3.6), Page 836]
for n = 1 to deduce for h ∈ {f1, f2},
zj ∈ H
1
BK(Qp(µp), Th(−j))⇔ zj ∈ PrQp(µp)(Ker(Colh,1)⊗ω
−j
p )⇔ zj ∈ PrQp(µp)(Ker(Colh,2)⊗ω
−j
p ),
where 0 ≤ j ≤ k−2. Then it follows from the definitions of Bloch-Kato and signed
Selmer condition that for i = 1, 2
H1BK(Qp(µp), Tfi(−j)) = H
1
1 (Qp(µp), Tfi(−j)) = H
1
2 (Qp(µp), Tfi(−j)) (23)
Consequently, we obtain
H1BK(Qp(µp), Afi(−j)) = H
1
1 (Qp(µp), Afi(−j)) = H
1
2 (Qp(µp), Afi(−j)) (24)
Then from the definition of πr-Selmer condition given in (7), it follows that for
i = 1, 2,
H1BK(Qp(µp), Afi(−j)[π
r]) = H11 (Qp(µp), Afi(−j)[π
r]) = H12 (Qp(µp), Afi(−j)[π
r]).
(25)
In particular, (21) holds. 
Now, we are ready to prove our main result of this article.
Theorem 3.10. Let p be an odd prime and for i = 1, 2, let fi be a normalized
cuspidal Hecke eigenform in Sk(Γ0(Np
ti), ǫi), where (N, p) = 1, k ≥ 2 and ti ∈
N ∪ {0}. Let r ∈ N and φ : Af1 [π
r] −→ Af2 [π
r] be a GQ linear isomorphism. We
assume the following:
(1) N is square-free and ∀ℓ ∈ S, condℓ(ρ¯fi) = ℓ for i = 1, 2.
(2) The condition (C′i,ℓ), defined in equation (1), is satisfied for i = 1, 2.
(3) Either [p-ss] or [p-ord] holds.
[p-ss] p ≥ k, f1and f2 are non-ordinary at p, and t1 = t2 = 0.
[p-ord] p > 2k−3, f1 and f2 are ordinary at p, and either [p-good] or [p-general]
holds.
[p-good] t1 = t2 = 0 and k 6= 3.
[p-general] All of (A), (B) and (C) are satisfied.
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(A) ap(fi) 6= ±ǫ
′
i(Frobp) (mod π).
(B) ωk−1p ǫi,p 6= 1 (mod π) for i = 1, 2.
(C) If both k = 2 and ti > 0 holds, then in addition assume
λfi 6= ±1.
Then for every quadratic character χ of GQ and for every fixed j with 0 ≤ j ≤ k−2,
we have an isomorphism of the πr- Bloch-Kato Selmer groups
SBK(Af1χ(−j)[π
r]/Q) ∼= SBK(Af2χ(−j)[π
r]/Q).
Proof. First we consider the case (1), (2) and [p-ord] are satisfied. Note that by
Theorem 1.2(2) and Lemma 2.10, ap(f1) ≡ ap(f2) (mod π
r) and hence ap(f1) ≡
ap(f2) (mod π) also. Now we consider a subcase where [p-ord] is satisfied via [p-
general]. Then by hypothesis (A) i.e. ap(fi) 6= ±ǫ
′
i(Frobp) (mod π) together with
Lemma 3.5(ii), we get H1Gr(Qp, Afiχ(−j)) is π-divisible for i = 1, 2. Therefore using
conditions (1), (2) and λfi 6= ±1 (if necessary), Proposition 3.1 and Remark 3.2, we
deduce for each fixed j with 0 ≤ j ≤ k − 2 and for every χ,
SBK(Afiχ(−j)[π
r]/Q) ∼= SGr(Afiχ(−j)[π
r]/Q). (26)
Further given the hypothesis (B) i.e. ωk−1p ǫi,p 6= 1 (mod π) for i = 1, 2, we apply
(26) in Theorem 2.1 to deduce Theorem 3.10 in this case.
On the other hand if [p-ord] is satisfied via [p-good], then by Lemma 3.5(i), we get
H1Gr(Qp, Afiχ(−j)) is π-divisible for i = 1, 2 as long as j 6= k−2. Therefore once again
using conditions (1), (2), Proposition 3.1 and Remark 3.2, we deduce for j 6= k − 2
and for every χ, the isomorphism in (26) between Greenberg and Bloch-Kato Selmer
group continue to hold. Also as p > 2k − 3 and t1 = t2 = 0, ω
k−1
p 6= 1 (mod π) and
ǫi,p = 1 for i = 1, 2. Hence as in previous paragraph, we use (26) in Theorem 2.1 to
obtain 0 ≤ j ≤ k − 3 case of Theorem 3.10. On the other hand, if j = k − 2 then
as k 6= 3 by our assumption, we apply Lemma 3.6 to directly obtain the canonical
isomorphism induced from φ,
H1BK(Qp, Af1χ(−j)[π
r])
[φ]
−→ H1BK(Qp, Af2χ(−j)[π
r]) (27)
for every quadratic character χ of GQ. Moreover as explained in the proof of Propo-
sition 3.1, for every q ∈ Σ \ {p}, by assumptions (1), (2) and Corollary 2.3 we have
H1BK(Qq, Afiχ(−j)[π
r]) = H1Gr(Qq, Afiχ(−j)[π
r]) and thus for i = 1, 2 and for every j
such that 0 ≤ j ≤ k − 2, we can canonically identify,
H1(Qq, Afiχ(−j)[π
r])
H1BK(Qq, Afiχ(−j)[π
r])
∼= H1(Iq, Afiχ(−j)[π
r]), q ∈ Σ \ {p} (28)
From (27) and (28), by the definition of πr Bloch-Kato Selmer group, the remaining
j = k− 2 case of Theorem 3.10 in the [p-good] case is obtained. This completes the
proof of Theorem 3.10 when assumptions (1), (2) and [p-ord] are satisfied.
Next we consider the case when assumptions (1), (2) and [p-ss] are satisfied. Then
the definition of the local factor for SBK(Af1χ(−j)[π
r]/Q) at a prime q ∈ Σ \ {p} is
the same as in the [p-ord] case. Hence using the same argument as in the [p-ord]
case, we obtain the identification of (28) for every quadratic character χ of GQ and
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every 0 ≤ j ≤ k− 2 thanks to our assumptions (1) and (2). Thus to prove Theorem
3.10, it suffices to establish a canonical identification induced by φ for every χ and
0 ≤ j ≤ k − 2, analogues to (27) under the assumption [p-ss].
Now as p ∤ N , t1 = t2 = 0 and p ≥ k, using Lemma 3.8 and Proposition 3.9, we
get a canonical isomorphism
H1BK(Qp(µp), Af1(−j)[π
r]) ∼= H1BK(Qp(µp), Af2(−j)[π
r]). (29)
for every 0 ≤ j ≤ k − 2 which is induced by φ. Now let χ be a quadratic character.
Following the notation of §1.1, we can write χ = χpχ
′ where χp is quadratic character
whose conductor is a power of p and χ′ is unramified at p. Note that fi⊗χ
′ is good
at p i.e. the level of fi⊗χ
′ is coprime to p. Thus from (29), we still have a canonical
isomorphism
H1BK(Qp(µp), Af1χ′(−j)[π
r]) ∼= H1BK(Qp(µp), Af2χ′(−j)[π
r]). (30)
induced by φ for every j. Notice that χp is the unique quadratic character of ∆ =
Gal(Qp(µp)/Qp), whenceH
1
BK(Qp(µp), Afiχ′(−j)[π
r])⊗χp ∼= H
1
BK(Qp(µp), Afiχ′χp(−j)[π
r])
for i = 1, 2. Thus we have,
H1BK(Qp(µp), Af1χ(−j)[π
r]) ∼= H1BK(Qp(µp), Af2χ(−j)[π
r]). (31)
Now we take invariance by ∆ in (31). Then using inflation-restriction sequence and
the fact that order of ∆ is co-prime to p, we deduce for quadratic every character χ
of GQ and 0 ≤ j ≤ k − 2, a canonical isomorphism
H1BK(Qp, Af1χ(−j)[π
r]) ∼= H1BK(Qp, Af2χ(−j)[π
r]). (32)
induced by φ. This completes the comparison of local πr Bloch-Kato condition at
p of f1 and f2, under the condition [p-ss]. This completes the proof of the Theorem
3.10 under the hypotheses (1), (2) and [p-ss], as required. 
Corollary 3.11. From the proof of Theorem 3.10, we can identify the Bloch-Kato
Selmer group with the signed Selmer group for K ∈ {Q,Q(µp)}. More precisely, let
h ∈ Sk(Γ0(N), ψ) be a non-ordinary at p ≥ k with (p,N) = 1 and p ≥ k. Then for
K ∈ {Q,Q(µp)},
SBK(Ah(−j)/K) ∼= S1(Ah(−j)/K) ∼= S2(Ah(−j)/K)
where Si(Ah(−j)/K) is the signed i Selmer group of h over K and 0 ≤ j ≤ k − 2.
Corollary 3.12. Let h ∈ Sk(Γ0(N), ǫ) be a p-ordinary newform with (p,N) = 1 and
p > 2k − 3. Assume conditions (1), (2) and [p-general] of Theorem 3.10 holds for
h. Then for 0 ≤ j ≤ k − 2, and for every quadratic character χ,
SBK(Ahχ(−j)[π
r]/Q) ∼= SGr(Ahχ(−j)[π
r]/Q). 
Remark 3.13. When f is p-ordinary, it can be checked that H1BK(Qp, Afχ(−j)[π
r]) =
i∗r
−1
(
ψ
(
H1(Qp, A
′
fχ(−j))div
))
, where H1(Qp, A
′
fχ(−j))
ψ
−→ H1(Qp, Afχ(−j)) is the nat-
ural map induced by inclusion and i∗r : H
1(Qp, Afχ(−j)[π
r]) −→ H1(Qp, Afχ(−j)) is
induced by the Kummer map. Further when f corresponds to an elliptic curve E
over Q, then the condition ap(f) 6= ±ǫ
′
i(Frobp) (mod π) is ap(f) 6= ±1 (mod p). In
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particular, ap(f) 6= 1 (mod p) is precisely the condition p ∤ #E˜(Fp). Such a prime
is called a non-anomalous prime (cf. [Gr]).
We now extend the notion of Selmer companion forms to cupsforms of two different
weights.
Definition 3.14. Let p ∤ N and fi ∈ Ski(Γ0(Np
ti), ǫi) be a normalized cuspidal
eigenform for i = 1, 2. Then f1 and f2 are π
r (Bloch-Kato) Selmer companion if
for each critical twist j with 0 ≤ j ≤ min{k1 − 2, k2 − 2} and for every quadratic
character χ of GQ,
SBK(Af1χ(−j)[π
r]/Q) ∼= SBK(Af2χ(−j)[π
r]/Q).
Corollary 3.15. Let p be odd and fi ∈ Ski(Γ0(Np
ti), ǫi) be a normalized cuspidal
eigenform with p ∤ N , ki ≥ 2 and ti ∈ N ∪ {0}, i = 1, 2. Let φ : Af1 [π
r] −→ Af2 [π
r]
be a GQ linear isomorphism. We assume the following:
(1) N is square-free and ∀ℓ ∈ S, condℓ(ρ¯fi) = ℓ for i = 1, 2.
(2) The condition (C′i,ℓ), defined in equation (1), is satisfied for i = 1, 2.
(3) p > 2max{k1, k2} − 3, f1 and f2 are ordinary at p.
(4) ap(fi) 6= ±ǫ
′
i(Frobp) (mod π) and ω
ki−1
p ǫi,p 6= 1 (mod π) for i = 1, 2.
(5) If ki = 2 and ti > 0, then in addition assume λfi 6= ±1.
Then for every quadratic character χ of GQ and for every fixed j with 0 ≤ j ≤
min {k1 − 2, k2− 2}, we have an isomorphism of the π
r- Bloch-Kato Selmer groups
SBK(Af1χ(−j)[π
r]/Q) ∼= SBK(Af2χ(−j)[π
r]/Q).
Proof. The proof is similar to the proof of Theorem 3.10 when conditions (1), (2),
and [p-ord] (via [p-general]) conditions in Theorem 3.10 are satisfied. Hence the
proof is omitted. 
4. The cyclotomic case
Let Qcyc be the cyclotomic Zp extension of Q. For a prime q ∈ Q, let q∞ be a
prime in Qcyc dividing q. Let Qcyc,q∞ denote the completion of Qcyc at q∞. Also
Iq∞ and GQcyc,q∞ will respectively denote the inertia and decomposition subgroup of
GQcyc at q∞. Let Σ∞ be the set of all primes of Qcyc lying above the primes of Σ.
Let h ∈ Sk(Γ0(N), ǫ) be a p-ordinary. For † ∈ {Gr,BK}, we define
S†(Ahχ(−j)[π
r]/Qcyc) = lim−→
n
S†(Ahχ(−j)[π
r]/Q(µpn)),
where S†(Ahχ(−j)[π
r]/Q(µpn)) was defined in §1.3. We can explicitly write,
SGr(Ahχ(−j)/Qcyc) := Ker
(
H1(QΣ/Qcyc, Ahχ(−j)) −→
∏
q∞∈Σ∞
H1(Qcyc,q∞, Ahχ(−j))
H1Gr(Qcyc,q∞, Ahχ(−j))
)
(33)
with H1Gr(Qcyc,q∞, Ahχ(−j)) :=
{
Ker
(
H1(Qcyc,q∞, Ahχ(−j)) −→ H
1(Iq∞ , Ahχ(−j))
)
if q∞ ∤ p
Ker
(
H1(Qcyc,q∞, Ahχ(−j)) −→ H
1(Iq∞ , A
−
hχ(−j))
)
if q∞ | p.
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Then SGr(Afiχ(−j)[π
r]/Qcyc) is defined from (33) using (7). We have the following
analogue of Theorem 3.10.
Theorem 4.1. Let p be an odd prime and for i = 1, 2, let fi be a p-ordinary
normalized cuspidal Hecke eigenform in Sk(Γ0(N), ǫi), where (N, p) = 1, k ≥ 2. Let
r ∈ N and φ : Af1 [π
r] −→ Af2 [π
r] be a GQ linear isomorphism. We assume the
following:
(1) N is square-free and ∀ℓ ∈ S, condℓ(ρ¯fi) = ℓ for i = 1, 2.
(2) The condition (C′i,ℓ), defined in equation (1), is satisfied for i = 1, 2.
(3) p > k.
Then for every quadratic character χ of GQ and for every fixed j with 0 ≤ j ≤ k−2,
we have an isomorphism of the πr † −Selmer groups for † ∈ {BK,Gr},
S†(Af1χ(−j)[π
r]/Qcyc) ∼= S†(Af2χ(−j)[π
r]/Qcyc).
Proof. First of all, we note that it suffices to show for every χ and 0 ≤ j ≤ k − 2,
SGr(Af1χ(−j)[π
r]/Qcyc) ∼= SGr(Af2χ(−j)[π
r]/Qcyc). (34)
Indeed, as t1 = t2 = 0 and (N, p) = 1, the conditions (i), (ii) and (iii)’ of [F-K, Prop
4.2.30] is verified. Thus for i = 1, 2,
H1Gr(Qcyc,q∞, Afiχ(−j))
∼= H1BK(Qcyc,q∞ , Afiχ(−j))
by [F-K, Prop 4.2.30] for q∞ | p as well as q∞ | q with q ∈ Σ \ {p}. Using the
definition of πr Selmer group in (7), we deduce for every q∞ ∈ Σ∞,
H1Gr(Qcyc,q∞ , Afiχ(−j)[π
r]) ∼= H1BK(Qcyc,q∞, Afiχ(−j)[π
r]).
Hence Theorem 4.1 will follow once we establish (34). Note that in the proof of
Theorem 2.1, we have assumed p > 2k − 3 to show that A
′′Ip
fiχ(−j)
is π-divisible
(see Corollary 2.7 and Remark 2.8). In this case of Qcyc, A
′′Ip∞
fiχ(−j)
is π-divisible even
without the assumption p > 2k−3, as we explain now. Note that Ip∞ acts on A
′′
fiχ(−j)
via ω¯−jp χ. From the proof of Proposition 2.6, Case 1, we can see that A
′′Ip∞
fiχ(−j)
= 0
unless j > 0 and (ω¯−jp χ)|Ip∞ = 1 (mod π). Since ω¯
−j
p χ has order prime to p, in the
later case, we get ω¯−jp χ = 1 as a character of Ip∞ . Consequently, A
′′Ip∞
fiχ(−j)
= A′′fiχ(−j)
is π-divisible.
Note the assumption p > k is needed in the proof of Lemma 2.10. Now the
proof of (34) is very similar to the proof of Theorem 2.1 and hence omitted to avoid
repetition. 
We denote the Teichmu¨ller character GQ −→ F
×
p ⊂ Z
×
p by ω¯p. Note that (34) is
true if and only if
SGr(Af1χω¯−jp [π
r]/Qcyc) ∼= SGr(Af2χω¯−jp [π
r]/Qcyc).
Remark 4.2. If we assume Afi [π] is an irreducible GQ module, then as in Remark
1.3, we can deduce
S†(Afiχω¯−jp /Qcyc)[π
r] ∼= S†(Afiχω¯−jp [π
r]/Qcyc), (35)
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for † ∈ {Gr,BK}. Thus using (35) together with the hypotheses of Theorem 4.1, it
follows that for every quadratic χ and every 0 ≤ j ≤ k−2, we have an isomorphism
S†(Af1χω¯−jp /Qcyc)
∨/πr ∼= S†(Af2χω¯−jp /Qcyc)
∨/πr, † ∈ {BK,Gr}. (36)
Here for a discrete module Λ := O[[Γ]] ∼= O[[T ]] module M , we denote by M∨ the
Pontryagin dual Homcont(M,Qp/Zp). By a deep theorem of Kato, as fi is p-ordinary
we know SGr(Afiχω¯−jp /Qcyc)
∨ is a finitely generated torsion Λ module. Moreover, in
this case (cf. [E-P-W, Theorem 4.1.1], [Gr]) SGr(Afiχω¯−jp /Qcyc)
∨ has no pseudonull
(finite) Λ-submodule. It then follows from (36) that for every quadratic character
χ of GQ and for critical values 0 ≤ j ≤ k − 2,
CΛ
(
SGr(Af1χω¯−jp /Qcyc)
∨
)
≡ CΛ
(
SGr(Af2χω¯−jp /Qcyc)
∨
)
(mod πr) (37)
Here for a finitely generated torsion Λ module module M , we denote CΛ(M), the
characteristic ideal of M in Λ.
Under suitable condition, the p-adic L-function Lp
fiχω¯
−j
p
(T ) ∈ Λ exists (cf. [E-P-W])
and by Iwasawa-Greenberg Main Conjecture
CΛ
(
SGr(Afiχω¯−jp /Qcyc)
∨
)
= (Lp
fiχω¯
−j
p
(T )),
as ideals in Λ. In his important work, Vatsal [Va] has shown that if f1 ≡ f2 (mod
πr) then for any Dirichlet character χ whose conductor is coprime to N ,
Lp
f1χω¯
−j
p
(T ) ≡ Lp
f2χω¯
−j
p
(T ) ( mod πrΛ). (38)
In particular, using Iwasawa main conjecture together with (38), one can obtain
(37) for any quadratic χ whose conductor is coprime to N . Thus our Theorem
4.1 can be thought of as an algebraic reflection of the congruence result of Vatsal
via Iwasawa main conjecture. However, our Theorem 4.1 is valid for all possible
quadratic character χ.
Remark 4.3. Note that in the non-ordinary case i.e. when ap(fi) is not a p-adic
unit, SBK(Afiχ(−j)/Qcyc)
∨ is not a torsion Λ module i.e. it has positive Λ rank (cf.
[Gr]). For weight k (> 2) congruent cuspforms which are good and non-ordinary
at p, it is not clear how to establish Theorem 4.1 over Qcyc for the π
r Bloch-Kato
Selmer groups.
5. Examples
In this section we give several numerical examples to illustrate all our main results.
Example 5.1. (1) We consider the example of elliptic curves 1246B, 1246C con-
sidered in [C-M, Table 1] and choose the prime p = 5. Let f, g ∈ S2(Γ0(1246))
be the primitive modular forms associated to 1246B and 1246C respectively
via modularity. We have 1246 = 2× 7× 89 is square-free and 5 ∤ 1246. Note
the Fourier expansions of f and g are given by [LMFDB]
f(q) = q − q2 + 2q3 + q4 + 2q5 − 2q6 − q7 − q8 + q9 − 2q10 + 2q12 +O(q13),
g(q) = q − q2 − 3q3 + q4 − 3q5 + 3q6 − q7 − q8 + 6q9 + 3q10 − 3q12 +O(q13)
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By computing the minimal discriminant of 1246B and 1246C and using
[D-D-T, Proposition 2.12(c)] we can show that ∀ℓ ∈ S = {2, 7, 89}, condℓ(ρ¯f ) =
ℓ = condℓ(ρ¯g). Also using [LMFDB] we get that ρ¯f and ρ¯g are irreducible
and equivalent. Thus f and g satisfies all the hypotheses of Corollary 0.2 and
Theorem 3.10. Hence f and g are 5-Bloch-Kato Selmer companion forms.
(2) Since a5(f) = 2 and a5(g) = −3, we see that 5 is a prime of ordinary
reduction for f and g. Using Hida theory, corresponding to f and g, there
exists primitive forms f3 and g3 of weight = 3, level 5N = 5 × 1246 and
nebentypus ω¯−15 , where ω¯5 is the Teichmu¨ller character, such that f3 ≡ f ≡
g ≡ g3 (mod π) (cf. [Wi]). Here π is a prime ideal of Kf3,g3,ω¯5 lying above 5.
As k = 3, the condition [p-good] of Theorem 3.10 does not apply although
5 is a prime of good reduction of f, g. However, a5(h) 6= ±1 (mod 5) for
h ∈ {f, g} and hence also for h ∈ {f3, g3}. Thus the condition [p-general] of
Theorem 3.10 hold. We deduce the weight 3 forms f3 and g3 are π-Bloch-
Kato Selmer companion.
(3) Again using Hida theory, by Remark 1.5, there are infinitely many cuspidal
Hecke newforms fr ∈ S2(Γ0(1246 × 5
r), ψr) such that (f, fr) are π Selmer
companion.
(4) Using the extended definition of Selmer companion forms of different weights,
from Corollary 3.15, we have that f and f3 are π-Bloch-Kato Selmer com-
panion and same is true for the pair g and g3.
Example 5.2. (1) Consider the pair of modular forms f = 127k4A and g =
127k4C of level 127, weight 4, trivial nebentypus and Galois orbits A and C
respectively as appeared in [D-S-W, Table 1]. Here Kf = Q and [Kg : Q] =
17. As the nebentypus is trivial, in this case Kf,g,ǫ = Kg. Then there exists
a prime p of Kg lying above the prime number p = 43 such that f ≡ g mod
p [D-S-W, §7]. The level 127 is square free (a prime). Using [SAGE] we have
calculated, a43(f) = 80 which is coprime to 43. It follows that f has good
and ordinary reduction at 43. Note that 43 > 2k− 3 = 5 Since f ≡ g mod p
and 43 ∤ 127, the same holds for g. Thus the conditions [p-ord] and [p-good]
of Theorem 3.10 holds. Note that there are no newforms of weight 4, level
1 and trivial nebentypus. Then from the level lowering results of modular
forms (by Ribet, Serre et.al), we get that the prime to p conductor of ρ¯f = ρ¯g
is not 1. In particular, the condition (1) of Theorem 3.10 also holds. Also
the nebentypus is trivial. Thus all the conditions Theorem 3.10 are satisfied
and we deduce f and g are p Bloch-Kato-Selmer companion forms.
(2) Note that a43(f) 6= ±1 (mod 43). Using the Hida family passing through f
and g, we can generate more examples of higher weight p Selmer companion
modular forms as in Example 5.1(2), 5.1(3).
Example 5.3. (1) We take f = 159k4B and g = 159k4E ∈ S4(Γ0(153)) with
trivial nebentypus. Note N = 159 = 3 × 53 is square-free. The Fourier
coefficients of f belongs to Q, on the other hand, Kf,g = Kg with [Kg :
Q] = 16. We take p = 5 and using [SAGE] compute that a5(f) = 0. As
p = 5 > k = 4, 5 ∤ 159 and a5(f) = 0; the condition [p-ss] of Theorem 3.10
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is satisfied. It was shown in [D-S-W] that there exists a prime p of Kg lying
above p = 5 such that f ≡ g (mod p). Moreover, in [D-S-W, §7.2, paragraph
3] it is given that there is no congruences between f(respectively g) at p
with a newform of level dividing N = 159. In particular, using level lowering
result of modular forms (by Ribet, Serre et.al) it follows that the hypothesis
(1) on conductor of ρ¯f = ρ¯g holds. Thus via Theorem 3.10, f and g are p
Bloch-Kato Selmer companion forms.
(2) We again take the same forms f = 159k4B and g = 159k4E ∈ S4(Γ0(153)).
However we now take p = 23 and using [SAGE] compute that a23(f) = −49.
It was shown in [D-S-W] that there exists a prime π of Kg lying above p = 23
such that f ≡ g (mod p). As the nebentypus is trivial, and a23(f) = −49,
we can conclude that [p-good] and [p-ord] of Theorem 3.10 are satisfied. As
before, by [D-S-W, §7.2, paragraph 3] there is no congruences between f(resp
g) at p with a newform of level dividing N = 159. In particular, using level
lowering result of modular forms condition (1) holds. Thus via Theorem
Theorem 3.10, f and g are again π Bloch-Kato Selmer companion forms.
Example 5.4. Next we consider the example of f = 365k4A and g = 365k4E ∈
S4(Γ0(365)) with N = 365 = 5 × 73 and we choose p = 29. Then f has Fourier
coefficients defined over Q and we compute via [SAGE] a29(f) = −123. Also [Kg :
Q] = 18 and there exists a prime p of Kg lying above p = 29 such that f ≡ g mod p
[D-S-W]. It is given in [D-S-W, §7.2, paragraph 3] there is no congruence between
f or g at p with a newform of level dividing 365. Thus using the same reasoning as
in Example 5.3, we conclude f and g are p Bloch-Kato Selmer companion forms.
Example 5.5. Consider N = 453 = 3 × 151 and f, g ∈ S4(Γ0(453)) where f =
453k4A with Fourier coefficients in Q and g = 453k4E with [Kg : Q] = 23. For
the prime 17 we compute using [SAGE] a17(f) = −66. Once again from [D-S-W],
(i) ∃ a prime p of Kg lying above 17 such that f ≡ g (mod p) and (ii) there is no
congruence between f (resp g) at p with a newform of level dividing 453. By same
reasoning as in Example 5.3, f and g are p Bloch-Kato Selmer companion.
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